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Abstract
Measurements of momentum space correlations in heavy ion reactions are a unique tools to investigate
the properties of the created medium. However, these analyses require the careful handling of the final state
interactions such as the Coulomb repulsion of the involved particles. In small systems such as e+ + e– or
p+p the well-known Gamow factor gives an acceptable description but in the case of extended sources like
that are created in heavy ion collisions, a more sophisticated approach has to be developed. In this paper
we expand our previous work on the investigation of the Coulomb final state interaction in the presence
of a Lévy source. Such sources were shown to be a statistically acceptable assumption to describe the
quantumstatistical correlation functions in high energy heavy ion reactions.
1 Introduction
In high energy reactions, the space-time characteristics of the particle emitting source could be examined
via quantumstatistical correlations. The shape of the source, hence the shape of the correlation functions
are traditionally assumed to be Gaussian, but recently Lévy distribution got much interest as a statistically
acceptable description of such correlation functions in 1 and 3 dimension (for details see Ref. [1, 2]). The
Lévy type source function restores the Gaussian as well as the Cauchy source function in special cases, and
its parameters may carry information about underlying physical processes, such as the type of the phase
transition, partial coherence or in-medium mass modifications, see e.g. [1, 3, 4]. Thus, the investigation of
the parameters of correlation functions is crucial which implies that the precise determination of the final
state interactions is desired.
The most important final state interaction is the Coulomb repulsion which can be handled with the
well-known Gamow correction in small systems but in case of extended source, such as created in heavy ion
collisions, it overestimates the effect. The usual approach for large systems is to take the source averaged
Coulomb wave function, see e.g. Refs. [5, 6]. Except some special cases, the average cannot be calculated
analytically. In this paper we present our extended results on the final state Coulomb interaction in the
presence of a Lévy source. For the previous results see Ref. [7].
2 Coulomb effect in Bose-Einstein correlations
In the hydrodynamical picture of the high energy collisions, the basic quantity is the source function
which characterizes the particle emitting source. The one- and two-particle momentum distribution can be
expressed [8] with this function as
N1(p) =
∫
d3rS(r,p)|ψp(r)|2 and N2(p1,p2) =
∫
d3r1d3r2 S(r1,p1)S(r2,p2)|ψ(2)p1,p2(r1, r2)|2, (1)
where ψ(2)p1,p2 is the two-particle wave function which must be symmetric in the spatial variables for bosons.
Basically, this symmetrization effect is the origin of the (Bose-Einstein) correlations. We can introduce the
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pair distribution function in the following form:
D(r,p1,p2) =
∫
d3RS
(
R+ r2
)
S
(
R− r2
)
. (2)
Let us introduce the average and relative momentum variables as K = 0.5(p1 + p2) and q = p1 − p2. With
these variables, the two-particle correlation function can be written as
C2(q,K) ≈
∫
d3rD(r,K)|ψ(2)q (r)|2∫
d3rD(r,K)
. (3)
Since the q dependence of the correlation function is usually more rapid than the K dependence, it is
convenient to measure correlations as a function of the relative momentum at a given K and thus the
parameters will depend on K.
In the core-halo picture (Ref. [9])), the source is divided into two part: the core which contains the
promptly produced particles the halo is composed by the product of resonance decays. The ratio of these
parts can be characterized by the correlation strength parameter:
λ = Ncore
Ncore +Nhalo
. (4)
Assuming a source defined in Eq. (2), this parameter can be introduced into the definition of the correlation
function given in Eq. (3) as
C2(q,K) = 1− λ+ λ
∫
d3rDcore(r,K)|ψ(2)q (r)|2. (5)
This is the well-known Bowler-Sinyukov formula Refs. [5, 6]. One can see that the value of the correlation
function evaluated at zero relative momentum is 1 + λ. Although the free case corresponds to λ = 1, the
experimental observations do not support this value. The core-halo model gives a natural explanation for this
behavior of the λ intercept parameter. Moreover, this parameter could carry information about underlying
processes, such as in-medium mass modification or partial coherence, see e.g. Refs. [1, 10].
Returning to the general discussion about the Coulomb-corrected correlation function defined in Eq. (5),
it can be seen that the evaluation of the integral requires two ingredient: the two particle source function
which is assumed to be a Lévy distribution and the two-particle Coulomb-interacting wave function. Latter
can be given by the two-body scattering solution of the Schrödinger equation with Coulomb potential, which
solution is known in the center-of-mass system of the outgoing particles (abbreviated as PCMS):
ψ(2)q (r) =
1√
2
Γ(1+iη)
epiη/2
{
eikrF
(
−iη, 1, i(kr−kr)
)
+ [r↔ −r]
}
, where k = q2 . (6)
Here Γ(·) is the Gamma function, F (·, ·, ·) is the confluent hypergeometric function. The variable η =
αEMmpic/q is so called Sommerfeld parameter where αEM is the fine-structure constant. From now on, we
restrict this analysis to pion pairs, so the mass parameter mpi in the formula is the pion mass. Since the
terminology seems not to be uniform, let us introduce the Coulomb correction as the ratio of the measured
correlation function C2(q) and the free-case correlation function C(0)2 (q). We will denote the Coulomb
correction with K(q) and it can be written up according to the above convention as:
K(q) = C2(q)
C
(0)
2 (q)
⇒ C2(q) = C(0)2 (q) ·K(q). (7)
This form can restore the simplest case, the so-called Gamow factor that assumes the source to be a point-like
particle when calculating K(q):
S(r) = δ(3)(r) ⇒ K(q) = KGamow(q) = |ψ(2)q (0)|2 = 2piη
e2piη−1 . (8)
The result of the integral in Eq. (5) definition cannot be expressed analytically so numerical approaches
should be employed. In this paper, we present two ways to handle the Coulomb correction in a specific case
of the source function – in the presence of a Lévy source.
2
3 Lookup table for the Coulomb correction for Lévy sources
Recent experimental results showed that a statistically acceptable assumption for the two-particle Bose-
Einstein correlation function is to utilize a Lévy source function. The details can be found elsewhere, see e.g.
Refs. [1,3]. The (spherically symmetric) Lévy distribution has two parameters, the scale parameter (radius)
R and the Lévy index α. This distribution is expressed through a Fourier transformation as
L(α,R, r) :=
∫
d3q
(2pi)3 e
iqr exp
(
−12 |q
2R2|α/2
)
. (9)
In the α = 2 case this restores the Gaussian distribution, the α = 1 corresponds to the Cauchy distribution.
For other α values, no simple analytic expression exists.
The integral in Eq. (5) cannot be evaluated analytically for Lévy sources so it has to be calculated
numerically. For experimental purposes, it is suitable to load the results into a binary file as a lookup
table and than it can be used in the fitting procedure. We should interpolate between the points where the
numerical calculations are actually done to express the intermediate ranges. This interpolation, however,
could cause numerical fluctuations in the χ2 landscape and could mislead the fit algorithm, so an iterative
procedure should be applied; ours is detailed in Ref. [1].
4 Parametrization of the Coulomb correction for Lévy sources
In this section we discuss a different approach which is based on the numerical lookup table. As we
mentioned, the finite resolution of the numerical table could cause fluctuations in the χ2 landscape and
that could mislead the fit algorithm. Another disadvantage of the numerical table is its size. In practice, a
sufficiently precise lookup table is slow to use. These problems can be avoided if we use a parametrization
based on the table. So we get the values of the Coulomb correction from the table and parametrize its R
and α dependencies. This approach was encouraged by the successful parametrization of the α = 1 case
(the Cauchy case) done by the CMS collaboration (see Ref. [11], Eq. (5) for details), which was generally a
corrected Gamow-correction:
KLévy(q, α,R) = KGamow(q)×Kmod(q), with
Kmod(q) =
(
1 + αEMpimpiR1.26~c+ qR
)
, where αEM =
q2e
4piε0
1
~c
≈ 1137 . (10)
This formula has the advantage of having only 1 numerical constant parameter (the 1.26 in the denominator)
but it assumes α = 1 and we are looking for a parametrization of the general Lévy case. We considered this
as our starting point for the generalization.
In order to generalize the Eq. (10) parametrization we chose to generalize the Kmod correction part1 by
replacing R with R/α to introduce the α-dependence and take higher order terms in qR
α~c into consideration
as it is detailed in Ref. [7]:
Kmod(q) = 1 +
A(α,R)αEMpimpiR
α~c
1 +B(α,R) qR
α~c + C(α,R)
(
qR
α~c
)2 +D(α,R)( qR
α~c
)4 . (11)
This formula simplifies to Eq. (10) if α = 1 and C = D = 0, but could follow the weak α dependence of
the Coulomb correction (see Fig. 1). The next step was to find suitable A(α,R), B(α,R), C(α,R), D(α,R)
functions that yield acceptable approximations of the results of the numerical integration. Utilizing the
previously constructed binary table, we could obtain the values of the A,B,C,D functions for various values
1The other way could be to find a completely new parametrization.
3
of R and α and parametrized them with empirically found, suitable 2 dimensional functions:
A(α,R) = (aAα+ aB)2 + (aCR+ aD)2 + aE(αR+ 1)2, (12)
B(α,R) = 1 + bAR
bB − αbC
α2R(αbD + bERbF )
, (13)
C(α,R) = cA + α
cB + cCRcD
cE
(
α
R
)cF
, (14)
D(α,R) = dA +
RdB + dCαdF
RdDαdE
. (15)
The parameters in these functions are:
aA = 0.26984 aB = -0.49123 aC = 0.03523 aD = -1.31628 aE = 0.00359
bA = 2.37267 bB = 0.58631 bC = 2.24867 bD = -1.43278 bE = -0.05216 bF = 0.72943
cA = -4.30347 cB = 0.00001 cC = 3.30346 cD = 0.000001 cE = 0.000003 cF = 1.68883
dA = 0.00057 dB = -0.80527 dC = -0.19261 dD = 2.77504 dE = 2.02951 dF = 1.07906.
This parametrization can follow the R and α dependencies of the Coulomb correction in the range
0 GeV/c < q < 0.2 GeV/c. As an example, for R = 6.4 fm and different α values, we plotted the results of
the parametrization on Fig. 1.
Q [GeV]
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
Co
ul
om
b/
G
am
ow
 &
 P
ar
am
et
riz
at
io
n
0.8
0.85
0.9
0.95
1
 = 0.8, R = 6.4 fmα
 = 0.9, R = 6.4 fmα
 = 1.1, R = 6.4 fmα
 = 1.2, R = 6.4 fmα
 = 1.3, R = 6.4 fmα
 = 1.5, R = 6.4 fmα
 = 1.6, R = 6.4 fmα
 = 1.7, R = 6.4 fmα
 = 1.9, R = 6.4 fmα
 = 2.0, R = 6.4 fmα
 = 0.8, R = 6.4 fmα
 = 0.9, R = 6.4 fmα
 = 1.1, R = 6.4 fmα
 = 1.2, R = 6.4 fmα
 = 1.3, R = 6.4 fmα
 = 1.5, R = 6.4 fmα
 = 1.6, R = 6.4 fmα
 = 1.7, R = 6.4 fmα
 = 1.9, R = 6.4 fmα
 = 2.0, R = 6.4 fmα
Parametrized Numeric
Figure 1: The fit of the Eq. (11) formula (blue lines) to the values extracted from the numerical table (red lines).
It can be observed that the parametrization exhibits a small deviation from the numerical calculations at the
smallest q values.
The functional form defined in Eq. (11) cannot be used to extrapolate beyond the fitted q range, deviations
could appear. We can take care of these possible fluctuations with an exponential-type function which can
be based on a fit to the intermediate q range as 0.1− 0.2 GeV/c in the following form
E(q) = 1 +A(α,R) exp{−B(α,R)q}, (16)
where the A(α,R) and B(α,R) functions have a form as
A(α,R) = Aa +Abα+AcR+AdαR+AeR2 +Af (αR)2, (17)
B(α,R) = Ba +Bbα+BcR+BdαR+BeR2 +Bf (αR)2. (18)
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The parameters were chosen based on a fit to numerically calculated Coulomb correction at the 0.1 GeV/c
< q < 0.2 Gev/c range:
Aa = 0.126253 Ab = 0.05385 Ac = -0.00913 Ad = -0.01846 Ae = 0.00085 Af = 0.00042
Ba = 19.31620 Bb = 5.58961 Bc = 2.26264 Bd = -1.28486 Be = -0.08216 Bf = 0.02384.
This exponential damping factor should be “smoothened together” with the parametrization to avoid
any sudden jumps. We choose to do that with a power-law-type of cut-off function:
F (q) = 1
1 +
(
q
q0
)n , (19)
where q0 = 0.07 GeV/c and n = 20. In our previous work Ref. [7], we use an approximate Heaviside function.
We investigate the difference between that case and the case we present here and we found a negligibly small
difference. We still decided to improve our parametrization with the presented power-law-type of smoothing
function because of its better behavior at the q = 0 and the rapider behavior around q0.
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Figure 2: On the left hand side, the reproduction of previous PHENIX results [1] with the parametrization
shown. The original PHENIX fit procedure employed the lookup numerical table, here we show our results from
the parameterization. On the right hand side, we present a few example correlation functions, based on Eq. (21),
for different R and α values.
With the three ingredient functions defined in Eq. (11), (16) and (19), and with the corresponding
parameter functions, our parametrization is valid for 0.8 < α < 2 and 2 fm < R < 12 fm range. Putting
everything together, we finally arrive to the form of the Coulomb correction as
K(q, α,R)−1 = F (q)×K−1Gamow(q)×K−1mod(q;α,R) + (1−F (q))× E(q) (20)
and the Coulomb corrected correlation function which could be fitted to data, according to the Bowler-
Sinyukov method, can be written in the form of
C2(q;α,R) = [1− λ+K(q;α,R)λ(1 + exp[|qR|α])] · (assumed background). (21)
We used this formula to reproduce previous PHENIX results from Fig. 3. of Ref. [1] 2; this can be seen
on Fig. 2. The two fits are compatible with each other. An example code calculating the Coulomb correction
as defined in Eq. (20) can be found in Ref. [12].
We investigated the parametrization by looking at its relative deviation from the lookup table also in the
case when α = 1.2 with different R values and with a two-dimensional histogram of the relative differences
in in Fig. 3. The maximum of these relative differences is around 0.07%.
2The data of the shown PHENIX correlation function result can be found at https://www.phenix.bnl.gov/phenix/WWW/info/
data/ppg194_data.html.
5
0.05 0.1 0.15 0.2 0.25 0.30.006−
0.005−
0.004−
0.003−
0.002−
0.001−
0
0.001
0.002
0.003
0.004
 = 1.2α
Q [GeV]
R
el
.d
iff
.
R = 2 fm R = 3.1 fm
R = 4.2 fm R = 5.3 fm
R = 6.4 fm R = 7.6 fm
R = 8.7 fm R = 9.8 fm
R = 11 fm R = 12 fm
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
R
el
.d
iff
.
0.01
0.02
0.03
0.04
0.05
0.06
2 3 4 5 6 7 8 9 10 11 120.8
1
1.2
1.4
1.6
1.8
2
α
R
Figure 3: On the left hand side we present the relative deviation of the parametrization form the table measured
in % for α = 1.2 with various R values. On the right hand side the q-averaged relative difference is presented.
(Averaging was done on 0.01 < q < 0.1 GeV/c.)
5 Conclusions
We presented our results on the effect of the Coulomb repulsion to Bose-Einstein correlations in high
energy heavy ion reactions in the presence of a Lévy source. We investigate two equivalent method which
could be used in experimental practice. One of them is to fill the values of the numerical integral of the
Coulomb correction into a binary table, the other one is a parametrization based on the table. The described
parametrization is valid for R = 2 − 12 fm and α = 0.8 − 2.0 ranges, and shown to be compatible with
previous results and with the numerical table. Thus, our parametrization can be used in quantumstatistical
correlation measurements effectively that assume Cauchy, Gaussian or the more general Lévy sources.
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